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1 Introduction 



Infinite-dimensional highest weight representations and the corresponding vertex operator 
im of quantum affine (super) algebras are two ingredients of great importance in algebraic 
analysis of lattice integrable models [0, ^ . The exchange relation of the vertex operators 
and its invertibility relation play a key role to construct bosonization of the corresponding 
lattice models both in the bulk case 0, ||, |[ and the boundary case [0, |, 3- 

A powerful approach for studying the highest weight representations and vertex oper- 
ators is the bosonization technique [0, |TI| which allows one to explicitly construct these 
objects in terms of the q-deformed free bosonic and fermionic fields. In this paper, we 
study the exchange relations of vertex operators of Uq{sl2) at level-two ^ and the invert- 
ibility relations from its bosonization which can be realized by a q-deformed bosonic free 



field and a fermionic free field 13, 14 



2 The quantum affine algebra Uq{sl2 



The symmetric Cartan matrix of the affine Lie algebra SI2 is 



2 -2 
-2 2 



where i, j = 0, 1. Quantum affine algebra Uq{sl2) is a g-analogue of the universal envelop- 
ing algebra of SI2 generated by the Chevalley generators {cj, /j, ^, d\i = 0, 1}, where d is 
the usual derivation operator. The defining relations are |jl5| 



titj — tjti, tid — dti, [d, Cj] — SifiCi, [d, fi] — —Sififi 



[eijj] = 6, 



l—a 



'3 



r=Q 

1-a 



E(-i: 

r=0 



t-t-^ 

q — q 

1 - an 



1 - Clij 



where 



n 



qTi _ q n 



q-q 



'1 



(/.)7,(/.)'-'^'^"^ = 0, if^^J, 
M! = [n][n-1]---[1], 



^The exchange relation of the type I vertex operators of the 19-vertex model at critical regime has 
been recently studied by T. Kojima [0| 



Uq{sl2) is a quasi-triangular Hopf algebra endowed with Hopf algebra structure: 



A{U) = ti®ti, A(ei) = O 1 + ® Ci, A(/i) = + lO/i, 
e{U) = 1, e(e,) = e(/,) = 0, 

S{e,) = -tr^e„ S{U) = -UU. S{tf^)=tf\ S{d) = -d. 

Uq{sl2) can also be realized by the Drinfeld generators |jl6| {d, X^, a„, iT^-*^, 7^^/^|m G 
Z,n G Z^o}- The relations read 

7 is central, [.ft', a„] = 0, [d,K] = 0, [rf, a„] = r2,a„, 
[2m](7"^-7-"^) 
m(g — ? ) 
KX^ = q^'X^K, [d,X^]=mXt 

r„ ^±1 L P'^] ^,T|m|/2 y± 

where the corresponding Drinfeld currents ip^{z) and X^(^) are defined by 

oo oo 

m=0 k=l 
oo oo 

riz) = E ^-mZ"" = K-\xp{-{q - q-') ^ a^,z'}, 

m=0 k=l 

XHz) = YX^z-"^-\ 
The Chevalley generators are related to the Drinfeld generators by the formulae: 

h = K, e,=X^, to = iK-\ fi = X^, 
Co = -'^i ^1 ""^i /o = hX^i 

2.1 Bosonization of Uq{sl2) at level-two 

Let us introduce the g-bosonic-oscillators {a„, Q, P\n E Z — {0}} and Neuveu Schwartz 
sector of {/-fermionic-oscillators {bj. \ r E Z + ^} which satisfy the commutation relations 

[2 m] 2 

[ttm, an] = Sra+n,0 ^ , m,nj^O, [P, a^] = [Q, flm] = , [P, Q] = 1, 

[4r] 



Then we have ITSl, 114 



Theorem 1 The Drinfeld currents ofUq{sl2) at level-two are realized as 

-i = q\ K = q^'', (2.2) 

oo 

= q'^'expiiq - q'') an^""}, (2-3) 

71=1 

OO 

riz) = q-^^exp{-{q - q'') a.nz""], (2.4) 

71=1 

X^{z) = V2B{z)E^{z), (2.5) 

where 

E\z) = exp{± Y: ^q'^-z-}exp{T E T^^^-^-je^^^^^, 

n=l i^^J 71=1 r'^J 

B{z)= Y brz-'-^^. 
2.2 Level-two vertex operators 

Let V be the 3-dimensional (or spin-1) evaluation representation of Uqi^sh), {fi,fo,V-i} 
be the basis vectors of V . Then the 3-dimensional level-0 representation of Uq{sl2) is 
given by 1 17 1 



eiVm = [l + m]vm-i, fiVm = [l-m]vrr,+i, e^ = zfi, fQ = Z^ei. (2.6) 

We define the dual modules V* of Vz by vry. (a) = 7ry(S'(a))*, Va G Ug{sl2), where t is the 
transposition operation. 

Throughout, we denote by V{X) a level-two irreducible highest weight [/g(s^2)-niodule 
with the highest weight A. Consider the following intertwines of [/g(s/2)-niodules: 

< (z) : V{X) Vif,) ® Vz, <^f\z) : V{X) V{^i) ® V; , 

^I'^iz) : y(A) -^Vz® vif,), ^T'iz) : v{x) v; ® y(^). 

They are intertwines in the sense that for any x G Uq{sl2), 

e{z) ■ X = A{x) ■ e{z), e{z) = ^{z), (!>*{z),^{z),^*{z). 

$(2) {^*{z)) is called type I (dual) vertex operator and "^{z) {'$*{z)) type II (dual) vertex 
operator. 

We expand the vertex operators as 

$(2)= Y '^Az)^vj, <!>*{z)= Y '^*jiz)®v*, 

j=l,0,-l j=l,0,-l 

i=i,o,-i j=i,o,-i 



Define the operators (f>j(z), (l)*{z), i{jj{z) and i{j*{z) (j = 1, 0, —1) bosonized by 

(j)i{z) = exp{J2 -urYa-n}exp{- J2 i «»} e^(-2;g^)^, (2.7) 

n=l r'^J n=l r^J 

0o(2:) = [0i(2),/i],2, 0_i(^) = ij[0o(^),/i], <p*{z) = (P^,{zq~^), (2.8) 

oo n oo — 3n^— ra 

^_i(z) = ea:p{- ^ ^-^a_^}exp{Y^ V^«-> e-«(-.g^)-^, (2.9) 

n=l i^^J n=l l^'^J 

^o(^) = [V^-i(^),ei],2, ^i(z) = l[^o(^),ei], ^*(2;) = i^-^{zq-^), (2.10) 
where [a, = ah — xba. Introduce (t>{z), (f)*{z), i/j^z), i{j*{z) by 

i=i,o,-i j=i,o,-i 
i=i,o,-i i=i,o,-i 



Using the method of Idzumi , we have the following result 



Proposition 1 The operators (/){z),(j)*{z),ilj{z),il!*{z) satisfy the same commutation re- 
lations as $^^(2;),$^^ {z)^^!\^{z)^(^\ ^{z) respectively have, respectively. 

To prove the proposition, the relations in appendix B are useful. 
Remark. The vertex operators (both type I and type II) can almost be determined by 
the method used for the level-one bosonization of the vertex operators of Uq{slN) [0- But 
the contribution to the vertex operators of the fermionic part can not be determined by 
studying the commutation relations with the q-bosonic-oscillators. However the commu- 
tation relations: [^i{z), X^{w)] = [^-i{z), (w)] = enables us to determine them 
uniquely up to some scalar factor. 

3 Level-two highest weight ?7g(s/2)-modules and the 
corresponding intertwines 

Set jFi = Q)nezC[a-i, a-2, ; b_i,b_s, ....]e"'^|0 >, where the Fock vacuum vector |0 > 

is defined by 

an\0 >= 0, for n > 0, P|0 >= 0, 
bi+i\0 >= for / > 0. 

It can be shown that the bosonized action of Uq{sl2) on J^i is closed. Hence the Fock 
space constitutes a [/g(s/2)-niodule at level- two. However, it is not irreducible. In order to 



obtain the irreducible subspace in T\, we should introduce the GSO-like projectors |[T3[]: 



-r± ^ , 

where 

- ^ (2; + l)[2Z + l]^ ^ P2 

PF"-"'" ~ ^0 [4/ + 2] ^-^-^^^^ - T- 

Note that [d, a„] = na„, [rf, 6^] = ^^r, \d, Q\ = P, we have the following relations 

x~'^(j)i{z)x'^ = x^(f)i{xz), x~'^'i/j^i{z)x'^ = x^i!_i{xz), (3.2) 
x-'^X^{z)x'^ = xX^{xz). (3.3) 

Then we have P±X = XP± for any X e Ugisli). Define = F+J^i and J^^^) = P-J^i. 



Then we have 1113 



Theorem 2 and T^^^i are the irreducible highest weight U q{sl2) -modules with the 

highest weights 2Ao and 2Ai respectively, namely, = V{2Kq) and J^^^^ = V{2Ai). 

One can further find that P±Q{z) = Q{z)P:^ for 6(2;) = (t>i{z),(f)*{z),'ilji{z),ip*{z). 
Hence, we have following equality: 

<aI ""(z) = p-mp+. ^it ''w = p^mp~. (3.4) 

^>\l!:^{z) = P.mP^, ^\l^^\z) = P^^{z)P^, (3.5) 
P±e(z)P± = 0, for e(^) = 0,(;.),0*(z),^,(^),^*(^). (3.6) 



4 Exchange relations of vertex operators 

In this section, we derive the exchange relations of the type I and type II operators of 
Uq{sl2) at level-two from their bosonization. 

4.1 The R- matrix 

Let R{z) G Endiy ® V) be the R-matrix of Uq{sl2) defined by 

R{z){vi (g) Vj) = R]^i{z)vk ® vi. 

k,l 



5 



It can be given explicitly by 



R{z) 



r[z) 



/ioooooooo\ 

060eOOOOO 
OOdOc/O/OO 
OeOfeOOOOO 
OO^OaO/iOO 
0000060eO 
OO/O/iOdOO 
00000e060 
000000001 



(4.1) 



Here the normalized partition is 



r{z) 



1 — zq^ 
z — (f 



(4.2) 



which is just that of Ref.|jT^ with the level k = 2. The other nonzero elements are given 

by 

qz'^ — {2q + 2q^^ — — q~^)z + q~^ 



a 



{zq^ — q~'^){zq — q^^) 
1 , {z-l){zq-^ 



zq'^ 



d 



q) 



-2 



q ^){zq-q i) 



q ^)z 



f 
f 
9 
h 

9 ^ 



zq^ — q^^ zq^ — q~^ 

{q^ - q~'^){qz'^ - (q + q'^)z + q) 

{zq^ — q~'^){zq — q~^) 
(g^ — q^'^){q^^z — q^^ + q — q^^)z 

{zq^ — q^'^){zq — q^^) 
{q^-q-^){q^ + l){z-l) 
{zq^ — q~'^)[zq — q^^) ' 
{q^-q-^){q^ + l){z-l)z 



[zq^ — q '^){zq — q 



-1^ 



h, h 



q' 



12 9- 



[2]2 ' [2]^ 
The R-matrix satisfies the Yang-Baxter equation on V ®V ®V 

Ri2{z)Riz{zw)R2i,{w) = R23{w)Ri3{zw)Ri2{z) 



(4.3) 
(4.4) 
(4.5) 
(4.6) 
(4.7) 
(4.8) 
(4.9) 
(4.10) 



and the initial condition -R(l) = P with P being the permutation operator. 
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4.2 The exchange relations 

Define 



dzf{z) = Res{f) = for formal series function f{z) = ^ /n-z"- (4-11) 

Then the chevalley generators of Uq{sl2) can be expressed by the integrals 

er = jdzX+{z), f\ = j dzX-{z). (4.12) 

From the normal order relations in appendix A, one can also obtain the integral expression 
of the vertex operators defined in (|2.71-|2.9|) 



60(2) = V2<fdw ^ — : (j)i(z)E-(w) : B(w), (4.13) 

U(.) -^Jd.fd, : M^)E-ME-i,) : 

Z^^iy^ (4.14) 
M^) = ^ fdwfdv . ^ : M^)EHw)E^r,) : 



zq- 



X 



-WJ(1-^) 77(1 



.2)(i_ V) -^H^(^) - ^(^)^Hj- (4-16) 



By the "weak equality" technique proposed in using the normal order relations given 



in appendix A and the relations in appendix B, after tedious calculations , we can show 



that the bosonic vertex operators defined in {2~l-2^) satisfy the Faddeev-Zamolodchikov 
(ZF) algebra 



kl 



Z2 



^,(zi)^,(^2) = Y.Ri-)'iMz2)Mzi), 
kl ^2 

1pi{zi)(f)j{z2) = r{ — )(j)j{z2)lpi{Zi), 

where t{z) = —1. Furthermore, we can show that the type I bosonic vertex operators 
have the following invertibility relation 



7 



where the scalar factors {fi} are /i = ^(^arry^, /o = -['^]j(^2^Tj^^ f-i = z(}-\)q^ ■ 
derivation of the above relations we have used the identity : (f)i{z)(j)i{zq^'^)E^ {zq'^)E^ {zq"^) : 
id. 

From the theorem 2 and the properties of bosonized vertex operators ( p.6| ) , we have 

Proposition 2 The vertex between the irreducible level-two highest weight Uq{sl2) -module 
V{2Kq) and y(2Ai) satisfy the ZF algebra and invertibility relation 

^,{z,)M^,) = j:R{-)-iM^i)H^2), (4.17) 

kl ^2 

n^,)^A^2) = E^(-)g^K^2)^.(^i), (4.18) 

kl ^2 

^,(Zl)<l>,(22) = r{^)<l>J{z2)^^{Zl), (4.19) 

^,{z)^*{z) = id. (4.20) 
This agrees with the results of [O which were obtained from the solution of Q-KZ 



equation. 

Remark. We can similarily derive that the level-two vertex operators among y(Ao + Ai)s 



with the 3-dimensional evaluation representation in Ref. |]14| satisfies the ZF algebraic 
relation with the same R-matrix. 
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Appendix A 



In this appendix, we give the normal order relations of the fundamental bosonic fields 
including the ferimonic field: 

2 

wq 

(/)i{z)(j)i{w) = (-2;g^)(l ) : (f)i{z)(l)i{w) :, 

z 

111 

zq 

(l)i{z)E'{w) = f _ w ^ '■ (i>i{z)E-{w) :, 

E-{w)Uz) = ^ : M^)E-{w) :, 
wil - 



w ' 

w 



tp-i{z)i)^i{w) = {-zq )(1 -) : 'if;_i{z)ilj_i{w) :, 

zq^ 

'iIj-i{z)E-{w) = {w- zq^) : ^-i{z)E-{w) := E' {w)'^^i{z), 



E+{z)E+{w) = {z- wq-^) : E+{z)E+{w) :, 
E-{z)E-{w) = {z- wi) : ^"(^)^"H :, 
E^{z)E-{w) = \ : E^iz)E-iw) :, 

E-{w)E+{z) = : :, 

[21 1 - - 

B(z)B(w) = ^ ^ + : B(z)B(w) : . 

2 z{l-^){l- j^) ^ ^ ^ ^ 

Appendix B 

By means of the bosonic realization of Uq{sl2), the integral expressions of the vertex 



operators and the "weak equality" technique given in Ref.[|18|, one can check the following 
relations. 

• For the type I vertex operators 

[0i(^),ei] =0, [M^),ei] = [2]ti0i(z), 
[(f)-i{z),ei] = ti(j)o{z), \(l)-i{z), /i]y-2 = 0, 

ti(t)i{z) = q^(t>i{z)ti, ti(j)o{z) = (t)o{z)ti, ti(f)^i{z) = q'^(/)^i{z)ti. 

• For the type II vertex operators 

/i] = 0, [^o(^), fi] = [2]trV-i 

[^i(^), /i] = ti^-ipoiz), [^i{z), ei]g-2 = 0, 

titpi{z) = q'^^i{z)ti, ti^o(^) = ^oiz)ti, titp_i{z) = q~'^tp_i{z)ti. 
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